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 We address two related questions: How is thermal equilibrium achieved?  What condition is 
satisfied when it is achieved?  First, generalize from the spin system with spin excess (2s) to a system 
with energy U = -(2s)mB.  Two initially isolated systems with multiplicities ),( 111 UNg  and ),( 222 UNg  
are brought into thermal contact, where they can exchange energy U, but not particle number, N 
(canonical ensemble).  The combined system can explore many more microscopic states by exchanging 
energy, hence their joint multiplicity is increased greatly.  When this was done with two spin systems, 

we found a condition for equilibrium of: 
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=  .  This result seems to be sending us a message.  

There is a “hidden” quantity that equalizes between the two systems when they are brought into 
thermal contact and allowed to equilibrate.  We would like to identify this “hidden” information. 

We showed in class that the maximum product of multiplicities g1g2 gives rise to the following 

condition: 
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.  We recognize the derivative as a logarithmic derivative: 
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, suggesting that the logarithm of the multiplicity is an important quantity.  In fact  we 

define the fundamental entropy as: )log(g=σ .  By starting with quantum mechanical solutions with 
discrete spectra, we are able to count the microscopic states available to the system and come up with 
this very clear and sensible definition of entropy .  The conventional entropy is given by σBkS = , 

where KJkB /10381.1 23−×=   is Boltzmann’s constant. 

More interesting is the statement that the derivative of the fundamental entropy with respect 
to energy has a common value in the two systems when equilibrium is achieved.  This is in fact a 
statement that the temperatures of the two systems are equal.  We thus define the fundamental 

temperature τ as NU
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, and the absolute temperature T through TkB=τ .  We showed in class 

that the result of bringing two spin systems into thermal contact: 
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statement 
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 We also considered a situation in which one system is initially “hot” and the other is “cold”, or in 
other words 21 ττ > .  When the two systems are brought into thermal contact, the multiplicity of the 
joint system will increase if the energy is shared between the systems in such a way that energy moves 
from the “hot” object to the “cold” object.  Such a transfer increases the multiplicity and hence the 
entropy.  This leads to a statement of the second law of thermodynamics: The entropy of a closed 
system will either stay the same or increase whenever a constraint internal to the system is released.  
This is a law in the sense that its violation is extremely unlikely for macroscopic systems in which the 
temperature (I.e. NU |/ ∂∂σ ) is a well-defined quantity.  


